Introduction
In this paper, G = (V , E) represents a simple graph of n vertices and m edges; i.e., |V (G)| = n and |E(G)| = m, where V (G) = {v 1 , v 2 , . . . , v n }. An edge v i v j is in E(G) if vertices v i and v j are adjacent. Two adjacent vertices v i and v j in V (G) are twins if they have the same closed neighborhood. G is twin free if it contains no twins. For two graphs G and H, if G has no induced subgraph H, then we say that G is H-free. Thus, a graph is triangle free (respectively, diamond free) if it contains no triangles (respectively, diamonds) as an induced subgraph. Here, a triangle means a K 3 and a diamond is the graph obtained by deleting an edge from K 4 .
The concept of set representation of graphs was first introduced by Szpilrajn-Marczewski [10] and Erdös et al. [4] . A set representation of G is a multifamily F = {S 1 , S 2 , . . . , S n } of nonempty sets such that, for any i ̸ = j, S i ∩ S j ̸ = ∅ if edge v i v j ∈ E(G), and S i ∩ S j = ∅ otherwise, where multifamily means that S 1 , S 2 , . . . , S n might not be distinct. Note that S i is a corresponding set of v i for i = 1, 2, . . . , n. A set representation F is distinct if S i ̸ = S j for i ̸ = j, and is antichain if S i ̸ ⊆ S j for i ̸ = j. A simple set representation is a distinct set representation with |S i ∩ S j | = 1 if v i v j ∈ E(G). For a set representation F = {S 1 , S 2 , . . . , S n }, let S(F ) =  n i=1 S i . It is known that any G has a (simple) distinct set representation (see Theorem 2.5 of [5] ). Thus we can meaningfully denote by ω(G) (respectively, ω s (G)) the minimum size of |S(F )| among all distinct set representations (respectively, simple set representations) F of G. A minimum distinct set representation (respectively, minimum simple set representation) F of G is a distinct set representation (respectively, simple set representation) with |S(F )| = ω(G) (respectively, ω s (G)). Kou et al. [7] and Poljak et al. [9] proved that finding ω(G) and ω s (G), respectively, for a general graph G is NP-complete. Harary [5] proved that, for a connected graph G of n(> 3) vertices, ω(G) = m if and only if G is triangle free. The concept of unique intersectability of G was proposed by Alter and Wang [1] . They defined G to be uniquely intersectable if, for any two minimum distinct set representations F and F ′ of G, F can be obtained from F S(F ′ ) to S(F ). Based on the above theorem of Harary, they proved that every triangle-free graph G is uniquely intersectable.
Later, Tsuchiya [11] studied the unique intersectability with respect to antichains, abbreviated a-uniquely intersectable, and showed that being triangle free is also a sufficient condition for a graph to be a-uniquely intersectable. Then, Mahadev and Wang [8] [8] cannot be applied directly to the s-unique intersectability of a graph. Therefore, it is interesting to find out a general sufficient condition for the s-unique intersectability of a graph.
Preliminaries
First, we introduce some terms which will be used later. A clique in G is a set Q ⊆ V (G) whose vertices are pairwise adjacent in G. A trivial clique contains only one vertex. A clique in G is maximal if it is not properly contained in any other 
Clearly, the subgraph of G induced by the vertices in Q j is a clique, and exactly one Q j with 1 ⩽ j ⩽ p contains {v x , v y } if v x v y ∈ E(G) and none otherwise. Therefore, the set {Q 1 , Q 2 , . . . , Q p } is a clique partition of G. Hereafter, we use Erdös F and Erdös Q to denote the resulting set representation and clique partition, respectively, of the Erdös bijection.
A finite linear space (FLS) Γ = (P, L) consists of a set P of n points and a set L of lines, where a line is a set of points, satisfying the following axioms [2] .
(L1) A line contains at least two and at most n − 1 points. (L2) For any two points x, y ∈ P, exactly one line of L contains {x, y}.
A projective plane (PP) Π is an FLS satisfying further the following two axioms [2] .
(P1) Any two distinct lines have exactly one common point. (P2) There exist four points in which no three points are collinear.
In [3] (see also [2] ), de Bruijn and Erdös proved a theorem about FLSs. To employ the theorem in this paper, we note that, with the correspondence between points and vertices, and lines and cliques, there is a bijection between FLSs and clique partitions Q of complete graphs K n , n ⩾ 3, where the cardinality of every clique in Q is between 2 and n − 1. Therefore we can paraphrase the theorem in terms of clique partition as follows. The FLSs with n ⩾ 3, corresponding to clique partitions as in Condition (a) of Theorem 1, are conventionally referred to as near-pencil (N-P for short). We will use the two terms N-P and PP to stand for both an FLS and the corresponding clique partition of a complete graph. For example, two clique partitions Q = {Q 1 , Q 2 , . . . , Q 7 } of K 7 corresponding to N-P and PP are listed in Table 1 .
In Table 1 , the PP with n = 7 is the so-called Fano plane, as illustrated in Fig. 1 , where the line segments (straight or round) pass through lines {v 1 
For the clique partition Q of K n with |Q| = 1, i.e., Q = {Q 1 } and Q 1 = {v 1 , v 2 , . . . , v n }, if we add trivial cliques Q i = {v i } for i = 2, 3, . . . , n to Q, then the resulting set Q ′ = {Q 1 , Q 2 , . . . , Q n } is still a clique partition of K n . Henceforth, we use Erdös F K n to denote the Erdös F with respect to Q ′ , i.e., Erdös
We also use Erdös F N-P and Erdös F PP to emphasize set representations of a complete graph which are obtained by Erdös bijection on its N-P and PP, respectively. Proposition 2. For a K n , all of its Erdös F N-P , Erdös F PP , and Erdös F K n are simple set representations. Table 1 Clique partitions Q of K 7 with |Q| = 7.
{v 2 , v 3 , . . . , v 7 } {v 2 , v 4 , v 6 } Fig. 1 . Fano plane.
Diamond-free graphs are s-uniquely intersectable
Similarly, an element in S(F ) is called a monopolized element with respect to a set representation F of G if it appears in only one set of F .
Proposition 3. In a graph G, the closed neighborhood of a monopolized vertex of a maximal clique Q is contained in Q .
Theorem 4. For n ⩾ 1, ω s (K n ) = n. Further, any minimum simple set representation of K n , for n ⩾ 3, is an Erdös F N-P , Erdös
Proof. Clearly, ω s (K 1 ) = 1 and ω s (K 2 ) = 2. We prove that ω s (K n ) = n for n ⩾ 3. We can easily construct a simple set representation F of K n , for n ⩾ 3, with S(F ) = {s 1 , s 2 , . . . , s n } by letting F = {S 1 , S 2 , . . . , S n }, where S 1 = {s 1 } and S i = {s 1 , s i } for 2 ⩽ i ⩽ n. Thus ω s (K n ) ⩽ n for n ⩾ 3. Then we prove that ω s (K n ) ⩾ n for n ⩾ 3. Suppose to the contrary that K n , n ⩾ 3, has a simple set representation F with |S(F )| ⩽ n − 1. We delete all monopolized elements from all sets in F and let F ′ be the resulting set. Clearly, F ′ remains a set representation of K n , and therefore Erdös Q with respect to F ′ is a clique partition of K n which contains at most n − 1 cliques and no trivial ones. By Theorem 1, |Q| = 1. This means that all sets in F ′ are the same. Thus, S(F ) consists of an element common to all sets in F and at most n − 2 monopolized elements since |S(F )| ⩽ n − 1. This implies that at least two sets in F are the same, a contradiction. Thus we have proved that ω s (K n ) = n for n ⩾ 1.
Let F be a minimum simple set representation of K n with n ⩾ 3, i.e., |S(F )| = n. Delete all monopolized elements from all sets in F and obtain F ′ . Then Erdös Q with respect to F ′ is a clique partition of K n which contains at most n cliques and no trivial ones. By Theorem 1, Q is an N-P or PP, or has |Q| = 1. In the former two cases, |Q| = n, and therefore F ′ = F is an Erdös F N-P or Erdös F PP . In the last case, F is an Erdös F K n . This completes the proof.
Lemma 5. If a graph G is diamond free, then any two distinct maximal cliques in G have at most one vertex in common.
Proof. Suppose to the contrary that two distinct maximal cliques Q and Q ′ intersect at two vertices v i and v j in G. There are at least two nonadjacent vertices v x and v y in Q and Q ′ , respectively; otherwise, Q and Q ′ are contained in one maximal clique. It is clear that the subgraph of G induced by vertices v i , v j , v x , v y is a diamond in G, a contradiction.
In the following, unless otherwise stated, we assume that G is a connected diamond-free graph and is not a complete graph, that Q = {Q 1 , Q 2 , . . . , Q p } is the set of all maximal cliques in G, and that F = {S 1 , S 2 , . . . , S n } is a simple set representation of G, where S i is a corresponding set of v i for i = 1, 2, . . . , n. Further, let M i and H i be the sets of monopolized and shared vertices, respectively, of Proof. Let s be the element in S k ∩ S ℓ . To prove statement (1), we suppose to the contrary that s is also in S(F M j ) for some j with M j ̸ = ∅. This means that both v k and v ℓ are adjacent to some vertex, say x, in M j . Since x is a monopolized vertex of Q j , by Proposition 3, both v k and v ℓ must be also in Q j . Thus, |Q i ∩ Q j | ⩾ 2 which, by Lemma 5, is a contradiction. This concludes the proof of this statement.
Lemma 6. If G is a connected graph and is not a complete graph, then |S(F
To prove statement (2), suppose to the contrary that there is a Q j with j ̸ = i and M j = ∅ such that S x ∩ S y = {s} for some v x , v y ∈ Q j . By Lemma 5, v x ̸ ∈ Q i or v y ̸ ∈ Q i . For the former, since s ∈ S k ∩ S ℓ ∩ S x , this means that there is a maximal clique, say Q r , with r ̸ = i containing vertices v k , v ℓ , and v x . Thus v k , v ℓ ∈ Q r ∩ Q i . By Lemma 5, this is a contradiction. The latter case can also be handled similarly. This completes the proof.
Lemma 8. Any simple set representation
F of G has |S(F )| ⩾ ∑ p i=1 |M i | + |{i : M i = ∅ for 1 ⩽ i ⩽ p}|,
where equality holds if and only if |S(F
Proof. Since G is connected, every Q i , for 1 ⩽ i ⩽ p, has more than one vertex. Thus, Q i with M i = ∅ has |H i | ⩾ 2. By Lemma 7, every Q i with M i = ∅ has at least one unique element in S(F ) which is not in S(
where equality holds if and only if |S(
Proof. Theorem 4 has proved this theorem if G is a complete graph. Thus we assume that G is not a complete graph in the following. By Lemma 8, we can prove this theorem by showing a simple set representation F of G with |S(
and Q x ∈ Q}. Note that, since v k is a shared vertex, there are at least two cliques in Q containing v k . The total number of elements used to construct F is equal to
To complete the proof, we have to show that the constructed F = {S 1 , S 2 , . . . , S n } is a simple set representation of G. First, we prove that F is a set representation of G. Clearly, each pair of vertices v j , v k ∈ V (Q i ), for 1 ⩽ i ⩽ p, has a common element q i,1 in their corresponding S j and S k . Therefore, representations, and vice versa. Therefore, the constructed F is a set representation of G.
Next, we prove that F is a distinct set representation of G. Clearly, all vertices v j in M i , for i = 1, 2, . . . , p, have different S j . By Lemma 5 again, if a shared vertex in H i , for some 1 ⩽ i ⩽ p, has both q i,1 and q j,1 , for some 1 ⩽ j ⩽ p and j ̸ = i, in its set representation, then no other vertex can have both of them in its set representation. Therefore, F is a distinct set representation of G.
It remains to show that |S
is the only common element between S i and S j . This concludes the proof of this theorem. Suppose to the contrary that there is an
Lemma 10. If there exists a simple set representation F of G with |S(F
We only consider the former case since the latter can be handled similarly. Let Proof. By Theorem 9, for a connected diamond-free graph G except K n with n ⩾ 3, As a further study, it is interesting to find a sufficient and necessary condition for graphs having ω s (G) = c + ∑ p i=1 |M i | and study their s-uniquely intersectability.
